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Chapter 6

Trigonometric Identities
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A

Outcomes
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y

Solve, algebraically first and second degree trigonometric equations
with the domain expressed in degrees and radians.

Prove trigonometric identities, using

Reciprocal identities

Quotient identities

Pythagorean identities

Sum or difference (restricted to sine, cosine, and tangent)
Double-angle identities (restricted to sine, oscine, and tangent.
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Chapter 6: TRIGONOMETRIC IDENTITIES
6.1 — Reciprocal, Quotient, and Pythagorean ldentities

An equation like sin 6 = % is true for very few values of 9, like § = % orf = 5?”, orall EO| 7-\73
coterminal angles With those angles.

An identity like tanx = % is always true for all,0 € R (or nearly all).
l? permissible valwe s

Recall the following identities:

sinx 1 1 a\
d\ tanx = CSCx = SeCcx = ‘

cosx sinx cosx

cotx = — cotx =
Sinx tanx

Non-permissible values are any values that result in a denominator equal to 0.~
P e

Example #1
ey Determine the non-permissible values of the following identities, over the interval
cost 0<x<2m e
\ 31":/* Bf S ~~1 %;\—72. “
\ _ 1 Ceotx)
\/\L‘\ a) cotx = tan x == < MY b) (t{nx—l)(sinx) 5 SUAX,
[ ) Cos % s W
V\) i ,\_ = | LW Kaaoo Sslda
EIVAYA skl —
Jmn Y.$% O Binx
— it tanx -\ 20 SIAX #0
X #F O, ,2T
X F oW, b % |
Mgt ']
hidden doromprakor
we_ K aown
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Example #2 S RHS

Date:

secx
anx+c6t7c

(M LERGE

Verify that the equation
a) x = 60°
)X =60

LHS 3_2‘;_5
Sec oo sin bo®
tanbo + ot o ‘EY
2
<]
33 + {3 )
3
.,
3 L,
T 3
G .
7 443 V3
NS G~
2 LI
4(3)
10y L3
3 12
8 [ 3 V3
G T
5 Lits+ RES
R Y R o

SoLvuoTMio AN -

=-sin x is true for the following values of x.

b)xi%—n N 2 f
SQC, 3 Sy DT
A =
+e 2T 1 ot 3N
2 AN
zh (-
-
-2
v
-2~
~7 =
o
A
A

Ly = @3

/ m Cf\Uak\\ D
,F,& /Pof” x = 2
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c) State the non-permissible values of the above identity over the interval 0 < x < 2n
( Jn
CES ec X
> . = i
+mn x 4 ot
o

L
45(/‘@( v Codx

G i

S

+Q4X¥®tx¢o
'\T«f\ X F - Wt.x

wo e L \
Weaperen °
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Pythagorean Identities

From the unit circle, we know that cos 8 = x and sin8 = y.

———

We also know that the equation of the unit circle isjx? + y?2 =1 |

i \ 2 _
Therefore, upon substitution, 1). (C/" S 6) + kS L1 g\, — \
| 2 '
| sinte Yt e =)\ >
Dividing Equation 1) by cos?0 results in:
. 1 — (&
%1\’\‘9 sin?6 | cos?9 _ 1 e A \ —
O cos20 T cos26  cos26 2 2)“”‘\‘\ S ec ©

g\We gmw
(<o:e oy

Dividing Equation 1) by sin?0 results in:

g3

sin?6 | cos?8 1 N 3) l 4+ Co "E e —= QSC:LG

sin26  sin20  sin26 )
We can manipulate these equations to create other equations.

U A
sin?@ + cos?6 =1 tan?6 + 1 = sec?# 1+ cot?8 = csc?0
1, _ 1l 1 1 2 2 — T \
Coxto = |<stne tounte = sec?e-\ wtle = e -

sinte= l-wse NAVSa e e & o v vie

Note: These identities are only true when the trigonometric functions are
squared. (i.e. sinf + cos 6 # 1)
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Example #3

Date:

Simplify the following expressions completely.

a) itzz(iz ) cscc;)f:zsx
3Ine | cote LasX
o | BInK
— ‘ ¢ T 1 , CosSX
RTINS SINK \
Slas LosrXx
\ S K
I COSK
¥al bunk
\
g \\/\)& Q>N

1

) sec?6 cos @

csch

| (3o

Cobze' \

\

—

Sine

sine

Cose ‘

€N @

Pg. #9



MPC40S Date:

T6

Chapter 6: TRIGONOMETRIC IDENTITIES
6.3 — Proving Identities Part 1

To PROVE AN IDENTITY means to manipulate both sides of an equation
independently until they are identical.

Helpful Hints

e Rewrite all functions in terms of sin 8 and cos 0

e Factor

e Multiply by a form of 1 (for example: = e)

sin®
e Simplify
e Expand

e Multiply by the conjugate (1 + cosx - 1 — cos x)

Things to Remember

o Identities are different from equations. Keep side separate!

e Use the correct variable (0, x, a, 8, etc.)

e Left Hand Side = Right Hand Side (LHS = RHS)

e Show all of your work (marks are allocated for work shown)

¢ Do not invent new math. It is better to not arrive at the same answer than to
make something up!

e Work vertically |
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Example #1

Prove the following identities for all permissible values of the variable.

a) (sinx)(secx)(cotx) =1

A

RHS

LKS = RHY

b) cos?x

= sinxcosx
cotx

LHS RHS

Cost X

CvSY
SiaX

C/Q) X 3“\
CosX

Cas X SIAX CONX S VWA X

LS =
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secx “
) = sinx

tan x+cotx

LHS RHS

\

]

Cod X

(s \*f\x) Sihax 4 Osx (wosw
(sthx)cosx SIAX ((ooX
|

ey

Cox
Sl X + Costx

om———

SVA X Cos X

CoSXk

S A X (3

L Sﬁn\<%253:\>
Coo% \

S\\/\,X StaX.

LHs = r_rHA.
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Date:
d) 1 — cos?6 = cos?@ tan?f
LHS RHS
- . G
Cos & SIv &
\ Cos =
e
S\\f\ L © «
Sin =
Ly = A HS.
sina 1+cosa
) 1-cosa - ?ij‘f‘/f
LHS RHS
St e |4 Cosee
["(;O-)‘X/ | + Coso~
Sia o C |+ cosa—l
\ 2 \ ‘(’(/O.Sa\
4+ Coryen —CoN— (0S8 & "
© ° Sihoo
Stn e ((1+eose)
| —cost o
gyn o\ -\—LOSOR—)
‘Ao
Sin CHS = RHS
1 Conk Pg, 14
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r'4

f) cos*8 — sin*f = 1 — 2sin?0
m

LHS RHS

QC os'e '%I\n16><C051@ T

R/

s I
Co}l & -S\~ B
§l~$\‘n19' —~sinte

|- asinte [- asinte
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Chapter 6: TRIGONOMETRIC IDENTITIES
6.2 — Sum, Difference, and Double-Angle Identities

Date:

Along with the Pythagorean Identities, we have additional identities we can work with.
They are the Sum and Difference Identities and the Double Angle Identities.

Sum and Difference Identities

sin(a — ) = sinacos B — cosa sinf

cos(a — B) = cosacosf + sinasinf

tana—tanf
l+tanatanf

tan(a — B) =

Double Angle Identities

sinZ2a = 2sina cosa
cos 2a = cos?a—sin’a
cos2a = 1 — 2sin’a
cos 2a = 2cos’a — 1

2tana
tan2q¢ = ————
1 — tan?a

sin(a + B) = sina cos  + cos a sin 8

cos(a + 8) = cosacosfB —sinasinf

tan(a+ﬁ) _ tana+tan f

l1-tanatanf

With the help of these identities, we can now we can find the coordinates of any point
on the unit circle, provided it is a sum or difference of our special angels.

m T P
(E’Z’E family members)
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Example #1

Simplify the following expressions and give the exact value.

T 3 . TC 5 TE
a) cos=cos— + sin—sin—
3 I2 3 12

Cos (u—@) Cos CI;‘B _ '\lEL

T oI -
=
cos (AW _ 1\:}
12 12
(s [ 2T
12
b) cos?(47°) + sin?(47°) = j_

c)1— ZSinzg

o

Cos atk

Cos 2 1\’)
'\

= (oS0

com—

3

|

"

A1
2
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We can use these formulas to determine the exact value of a trigonometric ratio that is
not on the unit circle.

Example #2

Determine the exact value of each expression below.

. 7T
a) sin—
12

Tt ( JiS ‘\'_T__r\
S 4

e

I

i

SIATE @STT 4 T sh T

3 9 >
Bo(f\4 [\
2.(2_ 2 Z
Vo +V2

q 9

L‘

"

I

—
—

2w 45> Co ) 1o
3S’

b) cos 195°

oS (bo‘ +123 S‘\

e

(o3 (OD‘CFSI.SS‘—- Sl\'\ bo°$|\/\(3go

.l-ﬁ\-@ iy
2\ =2 2 |\ 2

¥z, - J
{

% -T%
L‘
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We can simplify expressions using identities.

Example #3

1—cos 26
sin 26

Consider the exbression

a) Determine the non-permissible values for this expression between [0, 2]

SINTe® #0 |
QAs51N6cos® Z0O
\————-—J

Shefo  Co>e FO
& % o, 6% T, am |

@io W 2T 50 3

b) Simplify the expression to one of the three primary trigonometry functions.

| = (I -as""ie> dsir'e

o 71 Q steee3®
Asthe CodD

-1+ a3\ "8 She
&51\@,O>@ C’Dbe

Aane
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Example #4

; S
Ifo<6< g and sin6 = gfdetermine the exactvalue of cos20. = | — 231" ©

- 1-3)

Pg. #21



MPC40S Date:

Example #5

4 12 3 5
If cosa = — where g <a<mandcosf = = wherer < f < 7” determine the exact
value of cos(a — B). '

Cos (oc —f@%: cosct Qd(%—i— Staec Sin 3

= —9 [—12 \ 4+ S\ sia >
< U\

= -4 —\2 + _23 -5
o= <\ W S '
<

B —
S G5 AL
.-q F’- /—\\
= 22 IR AT
| S
\\ oL = 3 1.\ 2
L 3 o b =c
Sin@= TS
13
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Chapter 6: TRIGONOMETRIC IDENTITIES
6.3 — Proving Identities Part 2

Example #1

Prove the following identities for all permissible values of the variable.

cos260—-cos @

a) cotd —csch = Sin2075in @

LHS RHS
Coso . 1 Qeosro-1 —ws©
<ine  SI'n® ‘
ASTAD LOSE L8N
eoSe ~
Sin® QL051@ ~oN® — |

SYyne (a CRYS) +\§

(20 + 1) (cose - \)

NG (ac,o_\,eﬂ}

Code
NV

Lus = E@\—%&
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1-tan?6
)

=202 — cos26
1+tan?@ cos 2

LHS RHS
( 3

0se| - giate

cos'e Coy®

sste |+ ante
CD)LJ (,0316

C,D>16 -'S\\/‘ 1.e

Cost §

oN*g +5in O
c,w’*e

(e=8In'e | tw'e

Cos'er \
| Cos 26
CosZE-51n"8 |
Cos 0
LHS =D
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Chapter 6: TRIGONOMETRIC IDENTITIES
6.4 — Solving Trigonometric Equations Using ldentities

We will be solving trigonometric equations just like in the past, but now we need to
make substitutions using trigonometric identities.

Example #1

Solve the following trigonometric equation sin 260 = sin § over the interval [0, 2]

SInZO—9ne = O

N/

e §
s

Example #2

Solve the following trigonometric equation over the interval [0, 2m).

tanxcosxsinxcotxcscx—1=0

Pg. #25
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Example #3

a) Determine the non-permissible values of the following equation over the interval
[0, 2m).
tan6 = 2sinf

b) Solve the above trigonometric equation over the given interval

.
M = S )N C
\ o, )
Nt
WND =O
C \ .

Pg. #26
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Example #4

Solve the following trigonometric equations over the interval [0, 27].

a) cos2x+ 1 =cosx
[ |

) costx ) +1 = osX

A_ﬂ
W &
‘ F R
Y P - e
b
—~ \ . ~
© o ; S'AX é B
C, S \./\ >< o ’2 / )
o \ 7
™~ X — LS.
e :
N -
‘ v X
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c) 2sinx =7 — 3cscx

Asiax = T -

o — A 2y

SiA¥
enix = Asiax =

&SW\/\LK _—F S 1IAR + 5

Date:

N o Selube
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