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Chapter 6 

Trigonometric Identities 

  

  

Outcomes 

T5, T6 
  

Solve, algebraically first and second degree trigonometric equations 
with the domain expressed in degrees and radians. 

Prove trigonometric identities, using 

Reciprocal identities 

Quotient identities 
Pythagorean identities 
Sum or difference (restricted to sine, cosine, and tangent) 
Double-angle identities (restricted to sine, oscine, and tangent. 
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T6 
  

    
Chapter 6: TRIGONOMETRIC IDENTITIES 

6.1 — Reciprocal, Quotient, and Pythagorean Identities 

  

  

An equation like sin g= is true for very few values of @, like 6 = — * or 0 =—, or all Co, zr _| 

coterminal angles wi ote angles. 

An identity like tanx = one is always true for all,@ € R (or nearly all). 

L permissible valws 
  

Recall the following identities: 

sinx 1 1 of 
ob tanx = cscx =— secx = ° 

cosx sinx cosSx 

  

      

    cotx =— cotx = 
sinx tanx     
  

Non-permissible values are any values that result in a denominator equal to 0.~ 
oe SR cS arg arene 

  

  

  

Example #1 

_-——\ Determine the non-permissible values of the following identities, over the interval 

“Gosh O<x<2n CosX 

nt — — SMKE 
a) cotx = : b) core 

tan x—» $ WY (tan x—1)(sin x) > SAK 

We Knew Cos % Tass) #X 

als % Se) We Know ae 
Byax Stan en XO ais 
CaP ster \#o SILK FO 

X# 0,7 271 
rane 

Ye W     ‘ hae. denomicakor™      
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Example #2 

Verify that the equation 

) 

    

Date: 
  

UtS 

secx 

anx+cotx —~ 

RH 

  =-sin x is true for the following values of x.    

      

      

  

a) oo = 60° HALLE NGE an 
60 ( —E we out 

LS QS sec 33, se 3 

Sec (oo Sin Go? = 4 

iT TT 

Sane’ + ot bo Ey ten 3 port 3! 

< \ 
a - 2 2 

Pe Ze 

3 _~\| —-\ 

a ~ 2a 
ft 

88 4G 7 
2 3 

& Sd —Z2 . a 

a v3 ff 2 
2843 

2 653 J 
. 4(3) 2 

U Sr ' — 7 {Le 

3 Sot, Lis = ct 
i>. / 

Hes LE M1 The quads % 
— 2 21 Uk. Dor K= 

cos LHS# RES 4 4 
o° Go" 1> O Pg. #6 
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c) State the non-permissible values of the above identity over the interval 0 < x < 2 

| 
COose> + 

L 
4 stax 

aD 

-_™ 
Sec 

-_ 
—_— 

tan x» beotx 
pw 

™ ieee 
oid) 

Sen 

Sn K 

  

Tq 

/ 

taaxrestx#0 

ton x #- = wt x 

Use e \ \ 

hnarere™ ° 
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Pythagorean Identities 

From the unit circle, we know that cos @ = x and sin@ = y. 

—___— 

We also know that the equation of the unit circle isjx? + y? =1 | 

  

  

    

“2 A “2 _ 

Therefore, upon substitution, 1). (Co ° 6) + S if °) — | 
YX 2. : 
| stinte +cos* se =| ) 

Dividing Equation 1) by cos?6 results in: 

; L — zu 
ane sin?@ , cos*@ ss 1 6 + \ — 
a, cos26 T cos?@ cos ? 2)-ten 2 ec S   

ane gine Sine) 
“Gre Cong 

Dividing Equation 1) by sin?6 results in: 

“2 2 2 _ U 
sin?@ , cos’@ _ 1 > 3). | + cot oe = <se i) 

sin?@ — sin?@ sin20@ 
      

  

We can manipulate these equations to create other equations. 

    

  

u we 
sin?@ + cos*@ =1 tan?@ + 1 = sec?@ 1+ cot?@ = csc?0 

            
  

  

  

Coste = ltstate dante = secze-\ cotve =cscte—| 

sinte = l-woste NA Karertto — kee at wR 

      

    
  

Note: These identities are only true when the trigonometric functions are 
squared. (i.e. sin@ + cos@ # 1) 
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Example #3 

  

  

Simplify the following expressions completely. 

    

  

          

tan 6 cos 0 cotx 

) sec@cot@ ) Sexcosx 

SIN® | cose _Cosx 
(258 \ StaX 

— oL, we {5 Cosx 
CSE Stand Stink \ 

S{ as Cos 
Ss 

\ BIAK 

| Cosk 

S(ne Stak 

  
Cos*K , S\nx 

Sink = CO>% 

  

1   

) sec?@ cos@ 
  

csc@ 

| Cos S- 

Cos*6 \ 

    

\ 
—_———,, 

SYN 

  

sine 

Cose | 

  

CoS 
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T6 
  Chapter 6: TRIGONOMETRIC IDENTITIES 

6.3 — Proving Identities Part 1        

To PROVE AN IDENTITY means to manipulate both sides of an equation 
independently until they are identical. 

Helpful Hints 

e Rewrite all functions in terms of sin@ and cos @ 

e Factor 

  e Multiply by a form of 1 (for example: = >) 
sin® 

e Simplify 

e Expand 

e Multiply by the conjugate (1 + cosx > 1 — cosx) 

Things to Remember 
  

e Identities are different from equations. Keep side separate! 

e Use the correct variable (6, x, a, B, etc. ) 

e Left Hand Side = Right Hand Side (LHS = RHS) 

e Show all of your work (marks are allocated for work shown) 

e Do not invent new math. It is better to not arrive at the same answer than to 

make something up! 

e Work vertically 1 
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Example #1 
  

Prove the following identities for all permissible values of the variable. 

a) (sinx)(secx)(cotx) =1 

ENE 
RHS 

  

  
LUS => RHS 

b) cos?x   = sinxcosx 
cotx 

LHS RHS 
  

Cos” x 
Crys 

Slaw 

  

Cay* K sink) 

in) 

Cos SIAXK Cos* SR YX 

  LES ee 
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sec:x. « 

) = sinx   
tan x+cotx 

LHS RHS 

| 
Sse 

Cod X 

  

Cs wax) Stak 4 Gs Cws% 

(sin Kcr x SINK (Cok 

| 
oo 

Cow 

gtatK + COs kK 
a 

  

Sink Cos& 

  

Cos 

S tank Cos 

a Sin X Ges =) 
Case \ 

Sink StAX. 

LHsy = RHA. 
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d) 1 — cos?@ = cos@ tan70 

LHS RHS 

2- » v 
Cas © Sin _ © 
——————e — 

Cos ox | 2 

Sih % Oo . 2 

Sta e 

LU = CHS. 

sing 1+cosa 

) 1-cosa = sina__ 

LHS RHS 

Sta 1+ Coser 

[—cosyeoc l+Cos oe 

Sta & L+ cose 

+O OXSer —Cose ~ COS & 
° ° SINn 

| ~cos* o& 

Sia & \ +o Su) 

Vn tO sin LHS = frRHS 

1+ cost- Pe, #14 
SsWweou
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ra 

f) cos*@ — sin*@ = 1 — 2sin?@ 
oo 

LHS RHS 
  

(c os 6 “Bin'o \(coste tS \4 . & 
(-asinto [- ashte 
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Chapter 6: TRIGONOMETRIC IDENTITIES 

6.2 — Sum, Difference, and Double-Angle Identities 

    

   

Date: 
  

  

  

  

Along with the Pythagorean Identities, we have additional identities we can work with. 
They are the Sum and Difference Identities and the Double Angle Identities. 

Sum and Difference Identities 

sin(a — B) = sinacos B — cosasinB 

cos(a — B) = cosacosB +sinasinB 

tan a-—tan B 

1+tanatan Pp 
tan(a — B) = 

Double Angle Identities 

sin2a@ = 2sinacosa 

cos 2a = cos*a-—sin?a 

cos 2a = 1-—2sin’a 

cos 2a = 2cos*a —1 

2tana 
tan 2a = —————_ 

1 — tan2a 

sin(a + B) = sinacosB + cosasinB 

cos(a + B) = cosacosB — sinasinB 

tan(a + f) _ tana+tan Bp 

1—tana@ tan B 

With the help of these identities, we can now we can find the coordinates of any point 
on the unit circle, provided it is a sum or difference of our special angels. 

Tw Tw é 

G27 family members) 
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Example #1 

Simplify the following expressions and give the exact value. 

T TT - Tw. 1 

a) cos=cos— + sin-sin— 
3 12 3° 12 

con (a0) = (5) te 

  
b) cos*(47°) + sin?(47°9) = 4 

  
c)1— 2sin? = 

Ml Cos Qt 

Cos a Tr) 
WV & 

- CesT 
——— 

2 

() 
(\ 4. 

2 
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not on the unit circle. 

Date: 

  

We can use these formulas to determine the exact value of a trigonometric ratio that is 

Example #2 

Determine the exact value of each expression below. 

. 71 
a) sin— 

12 

Ss ( w rE 
o 4 

eee 
ern, 

I 
i! Je 4 

q 4 

4 

2W Aw 3 | ow 
Z fiz yal aa 

Stn GOST 4 OT SHI 
3 4 3 4 

iB (R\4/L\(& 
5 (4 2 Zz 

i 
\l 

I 

ae 4SGo") 120 
3S) 

b) cos 195° 

C25 (bs +13 s ) 

— 

CoS bo «&sl3s - Sin be stnl
3s 

L-&)\-(& = 
2\ 2 2\\ 2 

= e, 
4 

  

4 

Wi -Ie 
u 
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We can simplify expressions using identities. 

Example #3 
  

1-cos 20 

sin 20 

  Consider the expression 

a) Determine the non-permissible values for this expression between [0, 27] 

Smntzte €O | 

Asinocese #O 
Neel 

Shefo se FSO 

Seton 541, aw | | S#° WT \27 7. 

b) Simplify the expression to one of the three primary trigonometry functions. 

    

  

| —Cl ~asinte ) ailn*s 
SO on a Sineres© 

Astaecos 

(-|4 ashe Sine 
Asinese Cods®& 

tare 
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Example #4 

: i < 

f0<Aa< 7 and sind = =| determine the exact value of cos20. = | -ASIN © 

1-3) 
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Example #5 

4 12 3 $ 
If cosa = —; where = <a<mandcosp = =e wherer <P < =i determine the exact 

value of cos(a — B). 

  

Cos (x -@)= COS Cas(> + SIRS SING 

= —4 (12 \4 stnee sine 

“§ \ AB 

= -4 —\2 4 2) ~S. 

o sl «“B S 13 

  

U . AS. 

6S GS -\2 
oS 

= “> | As 

oS 

a +brec™ 

S\'nya= TS 
13 
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Chapter 6: TRIGONOMETRIC IDENTITIES 

6.3 — Proving Identities Part 2 
  

Example #1 
  

Prove the following identities for all permissible values of the variable. 

cos 28-cos@ 
a) cot@ —csc@ = sin 20+sin 

  

    

LHS RHS 

Cose® — A adeos* @-| -Wwse 
Sine) =6Stn 8 

ASINGCOSB AINE 

eose ~ | 

SIA®B QL0s 6 -cos© — | 
  

SINS (a OSG +1) 

(2cayg + 1) (cose - 1) 

Stag (acase+t) 
  

Cove =| 
S'ne   

us = RS 
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) cant = cos 20 

LHS RHS 

CosO: er state 

cose1 Coxe 

coste | & Sto 

Coste | OO 

Caste —sinte 

Cos & 

Cos*e +sint© 

C27 

4) ,.2 a 

Cn O80, GY © 
CoS e \ 

Coy 206   
\ 2 | 

cos *O-Sin'8 

C23 ae 

LHS = S 
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Chapter 6: TRIGONOMETRIC IDENTITIES 

6.4 — Solving Trigonometric Equations Using Identities 

We will be solving trigonometric equations just like in the past, but now we need to 

make substitutions using trigonometric identities. 

Example #1 

Solve the following trigonometric equation sin 29 = sin @ over the interval [0, 277] 

a 

Co io — _ 

Ces 

Example #2 

Solve the following trigonometric equation over the interval [0, 277). 

tanxcosxsinxcotxcscx —1=0 

Pg. #25 
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Example #3 
  

a) Determine the non-permissible values of the following equation over the interval 
[0, 27r). 

tan@ = 2sin@ 

b) Solve the above trigonometric equation over the given interval 

Cc 

— Y —<c} ~ ft ( s Sin € 

a x 3 - > 

mr 7 wo 
we New 

. 
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Example #4 

Solve the following trigonometric equations over the interval [0, 27]. 

a) cos2x +1=cosx 

bd 

does*y —-\ + | = Cosr% 

£ 

aan Gia wf 

, 
2 a. 

é bom a eo 

A 

oo ‘ . 
~ 

” ¥ - > SIMXK é » 

( S lA x - 2 / ° 

or. 1 2? 
| 

s x — oH 

ro 7 ‘ 

7 
7 - ‘ 

2 
> 

X | 

} » 
5 
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c) 2sinx = 7—3cscx Syke A 

Cem 

Siar 

Qsinty = TDStax -3 

osnrK —+tSsy naw + 4 = |} 

No Srlero 
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