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Chapter 4: TRIGONOMETRY AND THE UNIT CIRCLE
4.1 — Angles and Angle Measure

An ﬂhdl& n ghﬂndavo\ posHion has its centre at the
origin and its initial arm along the positive x-axis
There are ll)osihw. and ne@ahve angles.
a fevminal arm
g 4
Te 0°
1% < S
® 7 360°
Iniial
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(Counter-clockwise) (Clockwise)
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In which quadrant is the terminal arm of each angle located?

a) 400° T b) 700° ™~

o-65° N dg-1500 M

[—het

Sketch each angle in standard position.

a) 286° b) —190° c) 430°

! a° ag*

r 3 & »
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Radian Measure of an Angle

s The formuls for he cireumference ofa dirde s = 21

e The unit circle has a radius = ,

e Therefore, the circumference of the unit circle is C =210

21 = 6.283185...

This means that the distance traveled from the initial arm all around the circle and back
again is 6.283185...

AR
L

Revolutions Degrees Radian Measure

1 revolution —¢— 3@0" Zm radians 6.283185... radians

%revolution —EF- [90° T radians 3.141592... radians
1 . T
2 revolution 0|0° 2 radians 1.570796... radians

3T
Zrevolution —é— 2}0" "2 radians 4.712388... radians

A

% revolution —l‘: [' 180 radians 0.017453... radians

180°

Note that 1 radian = (T) ~ 57.3°
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Converting Degrees to Radians: MUH! P\ﬂ h‘J ( ‘%“)
Express the following angle measures in radians.
a) 30° b) 225° c) 720°
30’( Io) . 30T zzs'(lr,) 2257 | 0 ( IJB.FD) < AT
l% \800 t% ‘80. lwa
% lT_ = ?1[’ = L‘-Tl'
o .
l§9°)
Converting Radians to Degrees: M\)H’\D\\i b\i‘r ( 1
xample #4
Express the following angle measures in degrees
. L[ 187 . . .
21r('_8_0, 360°T ”’('T;)-'?Eg @(@):ﬂww
3\ T ) 3T T .l %" LT
g 0“:} - \50°
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Coterminal Angles

Coterminal Angles are (M{Ig‘f& ih_Xfandard P&SH‘iOH thad
Share dhe some derwingl oem .

Example: Sketch 6 = 30° as an angle in standard position, and show that 8 = 390° and
0 = —330° are coterminal angles.
. 20°-3b0° = 30° Jerminal
A ,IQVM‘::‘ & miml 'y : mﬂ“

( " [‘arm Fq

&

N
¥
'y

»

The coterminal angle can be found by adding or subtracting revolutions; either £360°
when given degree measure or +2m when given radian measure. There are an infinite
number of coterminal angles.

Determine 3 coterminal angles for 40°.
40°+ 300" = 400°
%0’ 40" -30° - -320° 400°, -320° ond AL0°

4

40°+3b0° & 3L0° = H,0° are oll Cokyminal with
41)‘0

Determine 3 coterminal angles for%

T, 2T-
R I Br i 25T
: hj———

Y

P, BNy

r2W42W = 25T T

—

b C

T ’
© b ae O Coley minal with
T

v
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General Form of Coterminal Angles
Degrees: 03D n ; neN P{ZPWR'\‘B all e PQSS'Ih\f

coteyminol  ongles.
Radians: © T 27Tn g neN 6

bnis o Nodval % (1,2,3,...)
Example #8

Express the angles coterminal with 50° | Express a general form for all coterminal

in general form. angles ofs?"
50°% 360°(n) ,neX - 5_; + 2T(n) , heN

Determine a coterminal angle to 740° over the interval —360° < 6 < 0° 0“\‘5 ang\es hetween

H0°-360°(1) = 3%0° X Rechvickion ! ove (cceplable

Ho* - 360" (2) = 207 X

2 © =307 5 Me only Coterminal
O - 360" (3) = -340* v gl over fhis inderval.

F40°- 260" (4) = -700° X

Example #10
, _ 5% _ ~ Think with
Determine all coterminal angles to — over the interval -4, 27] d—eV\OM'\!\O\‘\W of 3
. 2T G
ST 4 2m(() = UT 4 [T, ]
3 3
Sw_oam()= -1 v ‘ .
3 "15" -3 are the Colerminal
_am2) = -3 v > angles over Haic iwkerval
3
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Arc Length

The central angle is the relationship between the length of the arc and the radius of the
circle.

The equation that represents this relationship is:

S =0r where: s=_QVC I‘ey‘ﬂu‘w musk he Ahe
r=_radivs Sdme VWS

6 =_(fntyal omg\c
G Mugt vse vadiang

Note: If there is no unit attached to the angle measure (ex: 8 = 2.5) it is assumed to be
in radians.

Determine the arc length. S’ or
6= 25" s
by Must be radians S ( 3w )( )
(T Q= 1.307 cm
%5 (i)
= 9
30

A bicycle tire has a radius of 0.5 m and travels a distance of 1.5 m. Determine the
rotated angle, in degrees.

S=ev 3('3%0') = 13,331
5= (6)(0:5)
05 05

3-06
> rodian g
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Given the following information determine the missing value.

a)r = 8.7 cm, 8 = 75° determine arc length

Q-or 45"([%0.) . BX
(%)

S= .33% cwm

b) 8 = 1.8, S = 4.7 mm, determine the radius

S=or

4.3 = (1.8)y
[B 1.&
2.1 mm =¥

c)r =5m,S =13 m, determine the measure of the central angle

S=er

12 = (6)(5)

5 5

2.6 =0

G vadioms, v yo wiks
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apter 4: TRIGONO RY AND =
4.2 — The Unit Circle

The unit circle is centered at the origin and has a radius of 1 unit. ya
. 1)
i‘””/‘ 0.0
| !J &
©.-1)
A4

We use the notation P(8) to indicate a point on the circle.
6 = arc length

P(0) = defined by a point (x,y)

—
msezﬁ | Sine I

= Coso = X -~ Sind "3

Since the radius is 1, then the equation of the unit circle is x2 + y2 = 1

Important ideas:

peY= (%) —> PO = (g0  Sing)
X+ W'zl > CGde +sin'e -
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LHS RHS
X%+ 51 |
- (3)+ (3)
- ‘L_" + ﬁ-
25 25
13
25 LHS #bus

_ 2
.. The pmM’ (% "6')
s h_lgi' on e ynik circle

i
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\
D

M=
=
1
vl
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The point P(8) lies on the intersection of the unit circle and a line joining the origin to the
point (4, 3).

Determine the coordinates of P(8).

BEICESS
A% b ="
25 =v"
V25 =¥
T p(e)- (Cogo, sing)

.
(se= £  sind=2

|-

U
uijw
S’

. Pe) - (

)
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The point P(8) lies on the intersection of the unit circle and a line joining the origin to the
point (-3, 6).

Determine the coordinates of P(6).

(30)

b o6 \ )(7. " Ul ) rz
1 (-3) & (L) - ¢"°
-3

|/

A+ 30 =¢>
45 - ¢*
V45 -r
‘wp= b
bosp= =2 Sing = 2
15 s

P(b) - (Coce sine)

)
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A
Determine the values of cos @ and tan @ over the interval 3?” <6 < 2mwhensinf = —%.
v { J
odj 20 opp
. ad) NP
2
X+ y =y
B p A 2
o) - X +(-3)"= (5)
N |3 %49 =25
X b
X = Xy
X=t4
Ly Q4 | % is positive
e 4
_ b
cose =
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Chapter 4: TRIGONOMETRY AND THE UNIT CIRCLE
The Unit Circle '

QUADRANT 1

3

w4
+H

N -

N~

e

8] (o)
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T .
3 Family

N

v\?
=3

T

- Family

" ='
ey

b How many 6o Kt 1 360" ¢
LyHow many 45" it in 360" 7

L> How Many 3p fit n 3(«;0“2
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THE UNIT CIRCLE
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_Chapter 4: TRIGONOMETRY AND THE UNIT CIRCLE
4.3 — Trigonometric Ratios

Recall:
0 = arc length =
P(6) = defined by a point (x,y)
If we use the trigonometric rations SOH CAH TOA, then
sin @ =% - 9né = g
cos O =§ - 00&9 = A
Sine
tan9=§ ﬁ’{'ﬂne V) >)
Thus, any point on the unit circle can be described as: P(6) = (cos8,sin @)
PRIMARY FUNCTIONS RECIPROCAL FUNCTIONS (%)
AL
sinf =y cosecant (B =S " Y
L
cosf = x secant Secd =k ~ X

cose L
tanf =~ cotangent toteo= <ng ~ tane
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Example #1

The point (% —%) lies on the terminal arm of an angle @ in standard position.

a) Draw a diagram to represent this situation.

5 -2
%8
As v 4/
A |2 Cos®  SIne
p(3:5)

b) Find all 6 trigonometric ratios for 6.

5 13
tse = 3 ety
=1 . 13
Sine = r3- SCe = E
-2
fane = " i = '%_

The point (—%E) lies on the terminal arm of an angle 6 in standard position.

P(“ al Draw a diagram to represent this situation.
53)

b) Find all 6 trigonometric ratios for 6.

_3
(6 = 5 Seco = -2
: 4
SIng = 3 ¢sco : %
- "4- = "_3_
ano : 3 Wi ¥
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Determining Exact Values

Ly Determine oL\mo\mn‘r S

>

Determine the exact value of the following trigonometric ratios.

|
a)cos§= ‘5‘: b)secgz 66——1;
|
o
Z
=2
o) sin (—) -é d) cos Z = \f_;_?:
e) cot(270°) = "'—l—'— f) Csc(z_”)z —-l—-
1 (270°) : 3
.0 e
=1 = __Q_.._
> () \E3
in O
e _g_wlf‘__ h) sec 57 = ——
g) ta 2 toc 'T |
> %
. - =1
2
V2
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Determine the exact value of the following expressions.

a) cos(120°) — tan(—135°) b) cot (“‘ %) ¥ E5E (g)
S S
g | = 1 + 1
L
Z 3 F .
-
2
c) sin? (%n) + cos? (7%) d) tan® (_3_”) sec (4?)
(2 () (6
. v 3 * =
¥ .
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Chapter 4: TRIGONOMETRY AND THE UNIT CIRCLE
4.4 — Trigonometric Equations

We can solve trigonometric equations just like we have been solving equations from
previous units.

Note: [f interval/domain is given in radians, your answer must be in radians.
If interval/domain is given in degrees, your answer must be in degrees.

Example #1

Solve the following trigonometric equation, over the given domain.

1
sin@zz, 0<86<2Zm

-+
=5
'Sy !“=|
e
)4

, 2L
%

Solve the following trigonometric equations, over the given domain.

a)2cosf+3 =1, 0°<6 <540° 4;@-

200050 = - 2
2 Zz ¥ -
6= 1%0 , 540
Cogo = -
b)4secx+8=0, 0<x<2m
4secx=-%
¥ %
, Seex = -2
X= 2, &
28 oSy - -, 33
2

=T
Ye 5
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Solve the following trigonometric equations, over the given intervals.

a)3tan’x—9=0, 0°<x<360°

2an’x - 2
3 2
Aan*x = 3
danx = {3
:‘\i Ay =\z | 4oy~ 7
X= 0%y 240° | %= [20°,300° - ©=00", 120", 240°, 300

b) 2cos? + cosf =1, 0<0 <2m
2

20080 %+ Cos6 -1 =0

s factor

(20086 —1) (086 +1) = 0
2008 -1=0 | Cose+1=0

,I% 2005p = | Cose = -]
- L
Cosg = > 9:T
6=3,% 6T T,5¢r
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Solve the following trigonometric equations, over the given intervals.
a)2sin?x — 1 =sinx, 0<x <270°
2<ihX -SIkX -1 = 0
(2sinX + 1) (<ihk 1) =0
28X + 120 | SIh-{=0

7‘7 SINY = -2

X = 30°

K= 210" | 336"

Sing= |
X=>0° “ X =907, 210°

b) sin’x + sinx—12=0, 0<x <2
(SinX +4)(sinx -3) = O
SiNX +4-0 | sinvg-3:0
W"" s'm)/=3

no olvtion o Solvtion
- There & no solvbion

¥ Noke: for (0 % sine only,
ey con only be
betwieen 1 |
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Solve the following trigonometric equations, over the given intervals.

a)esc’x+cscx—12=0, 0<x <27

(CsCX +4)(Cgex -2) = 0

CScx+4:=0 | CSCcx-3=0
A Cscx--q Cscx =2 .,
SIhk = 4—_ Sing = 3
Xp.= Sih™ ( l4) }Lp_=s'm"('lq,)
Ke.= 0- 253 Xex 0:340
a3 Q4 A @2
B=T+Or 0= 2W-6p z=_90\" s e ~T-op
5=3335 ©-=06-030 ~0:3 =202
. 9= 3.315, b.030,0.340, 2, %02
b) tan26 — 5tan 6 + 4 = 0, —2r < x < 2m > think Fario] oand [oy2w]
(tane-4) (tane -1) = 0 _é.—
Y fane-4=0 |4ane-1-0 v
Y tne - 4 Amo=1 7
Qp ='W\"(4-) {-)P_._-,'!_qf_:
Op - 1320
- R A
B= Op 6 :=TM+op
6=1320 6= 4409
s ok cor F EET,
3= - +op g=-T+0Pw
5> -4a5t B -1Ble |:320, 4:to®,-4ast, -|-8lb
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Solve the following trigonometric equations, over the given interval.

2c0s?6 —4cos8—5=0, 0<6<2m . )(‘-"—'bt{blv‘*'ac
2A

b Whan equation doeg not factor |
e guadratic Aormila

(056 = —(-4) £ (b 4(2)(-5)

2(2)
(o= 4t \wa
L'_.
C0sp = 4+\5p
4_
0SB = 4 +\5b 00sO = 4-{5w
K +
60897&40... 0SB = -0.8%H...
no Solvfion Op = tos” (0-%7) 7t
Or =0.514%
@ &
H=T-06p b:=T+Ep

B =2.02¥ B= 32.650

&=2.02% , 3.650
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General Solution of Trigonometric Equations

Date:

If the domain is real numbers, there are an infinite number of rotations on the unit

circle in both a positive and negative direction.

To determine a general solution, find the solutions in one positive rotation. Then use
the concept of coterminal angles to write an expression that identifies all possible

measures.

There are different was to request the general solution answers. They are:

e Domain is all real numbers
o xERorB@€eRrR
e General solution

a) Solve cotf = ig over the interval 0 < 8 < 2m

.\/_

v
7,— tane =V3
9(1"13':

b) Solve the above equation if 8 € R

Ly Acking Ar the aeneval Solvtion
(Al poscible  Splutions fov &)

e=’;_r y ke | kez

o

Z = The seb of negers
f -3-2,-1,00,2,3, ... ¢
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Solve each of the following trigonometric equations.
Ll" a) Solve tan # = —4 if the domain is all real numbers, in radians.
' tme =-4
-1
By - ’l'm\ (4)
Op=1.320
(2 Chad
O: T0p  B:2T-6p . g=L8lb + 2Tk | pez
= L 6= tasa
6= 13l 6 =495} + 2k, ke

b) Find the general solution of cos § = 0, in degrees.

oS3 =0

B =AD"+ 360 |, keZ
/6"2';'D°+ %.F] kez



MPC40S Date:

Solve the following trigonometric equation, where 8 € R. (In radians)
2tan?g —tanf -1 =10
(21ane +1){Hang -1) = O
i‘lr 24an6 + | =0 Aan8 -1-0
4700 = -l Aano - |

9p-=+alﬂ'l('l2) 0-T -5t
Op = 04by " i
@2 JoLd
o :-T-Bp 0 =2T-Op
B = 2.LA% e = 5.819

The general <olvion i

0= 203K + 2k | kez
0:=5%87+ 2m, kez
€@ - +2mk , ket

9=%Ir_f‘+2rna‘ kez



