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Grade 12
Pre-Calculus Mathematics
[MPC40S]

f Chapter 3 )

Polynomial
Functions

Outcomes

R11, R12

12P.R.11.  Demonstrate an understanding of factoring polynomials of degree
greater than 2 (limited to polynomials of degree < 5with integral
coefficients).

11P.R.12 Graph and analyze polynomial functions (limited to polynomial functions
of degree < 5).
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Chapter 3: POLYNOMIAL FUNCTIONS
3.1 — Characteristics of Polynomial Functions

Polynomial Function: A function of the form

FX) = anX™ + Qpog X"+ A X2 - + apx? + agx + ag

where n = S whu\ e 36% ( e PO At )

x=__ 14 o vanable

an and Ao = Can \CJ e %Y ‘B U (\_\LLE",-,

Example

The following are examples of polynomial functions.

f(x)=3x-5 h(x) =x3+2x% +x—2
gx) =x*+3x—17 y=x>+7x3-1
Example #1
Identify the functions that are not polynomlals and state why. V7
i < i
a) g(x) =Vx+5 L‘}) = <3 «c ACTLO
PUoooAy o 0 R
b) y = |x| ‘\\} o b X P>G ‘\_L»Lv,"(‘t, i) ""‘»LJQ UL ~D p
c) f(x) = 3x*
1 ' — 5 L sle 4t
dy= x% -7 N Q “l' . G,.\!JD.&,U\' AN L 2 g —ole -

e)y=2x3+3x?—-4x—-1

Hhrx) =2 NoT \9 Mre exponent is Nt a ol o

hW(x) = ¥~ ‘ ‘Y\\v

\1\/\ Pg. #5
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End Behaviour: "vat e hav 0w O ’\r ’V\fxcﬂ

AV Adues  Aas \ /\\ (?\Q%‘_S { A \i\"‘\&)( \@&L ) V4
3 N S 6
Degree: /\/\;\, (PO W A ’\3( MRS RA(PS N~ .

A e

Constant Term:'/YN +erm o \Jf/h gul O

\Voue 'L'}:/b’\o'\ € .

Leading Coefficient: e coe L Roet (A Lxc e X“ C\
'h\(’_ {6 o £ ) \J'\,\ /b,\( L,\(Si\;ﬁ gt

C e 28 R AT e

Example #2

For each polynomial function, state the degree, the leading coefficient, and the
constant term of each polynomial function.

a)y=3x2—-2x5+4

= ~ Li:
- Degree > - Leading Coefficient O\ - Constant Term
b)y = —4x3 —4x+3 3
~ - e /-l
\ -

- Degree - ) - Leading Coefficient - Constant Term

c)f(x)=3x—-5

- Degree - Leading Coefficient - Constant Term

d) f(x) = —6x* — 2x +- O

/\l ) )
- Degree | - Leading Coefficient {\C - Constant Term O

Pg. #6
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Compare the graphs of even degree and odd degree functions. How does the leading
term affect the general behaviour of the graph? —

e L. C s O Plecks  Dae
0 Ad Voo hay o

a) The equations and graphs of several even-degree polynomials are shown below.
Study these graphs and generalize the end behaviour of even-degree polynomials.

S i

f(x)=x2-x+6 X)=-x2-8x-7
quadratic quadratlc
vit [ “& ! viii 4
‘ } \/ V4
f(x) = f(x) = -x* -4+ X2+ Tx -3 f(x)=-x'+T7xE-
quartzc quartic ' quafttc quartic

What do you notice about the end behaviour of an even-degree polynomial when...

The leading coefficient is positive? The leading coefficient is negative?
o=
P Rgcee Euen
= optn ve o ~ optn down b
QX ad QU QTT and QLY
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b) The equations and graphs of several odd-degree polynomials are shown below.
Study these graphs and generalize the end behaviour of odd-degree polynomials.

f(x) = x

=-X+4
linear lmear

%F*r

- 2x2-2x+ 6 f(x)=-x3+7x
cubic cublc

f(x)=x>  f(x)=x°
quintic quintic

f(x) = -x3
cubic

viii

- 4x4 + 40x3 + 160x? - 144x - 576

What do you notice about the end behaviour of an odd-degree polynomial when...

The leading coefficient is positive?
NS doon nbo T4

The leading coefficient is negative?
oo e Snbs @ IT

A

<l
A (VT

(:\/’\/C.l_ k..( O AN L'v /\‘J(\_", L:\ ’ \V ,

(h x\¥i 3 O
v \

N

(N otes

function
\

The graph of a polynomial function must be smooth and continuous
The graph has at most (n — 1) turning points

The function has at most n roots (x —
All polynomial functions have y —

intercepts)
intercept at a,, the constant term of the

Pg. #8
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Example #3

Match the following polynomials with its corresponding graph.

\

1) f(x) = 2x3—4x2+x4<2/I

2)g(x) =—x*+10x>+5x—6
3)h(x) =—-2x>+5x3—-x+1

4)p(x) =x*—-5x3+16

a) Answer: ‘/' b)Answer: __

60+

O 3

c) Answer: 79\ d) Answer:

<
<

2
g??q’

[e)
TEXTE:

——

Pg. #9
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Chapter 3: POLYNOMIAL FUNCTIONS
3.2 — The Remainder Theorem

R11

We are going to learn how to divide a polynomial by a binomial.

Long Division (Method #1)

Dividend = Polynomial
Divisor = Binomial (x — a)

Quotient = Answer

Example #1
Divide the following expression ___xzzsjc;m
X +S
. -—, ( XL *,‘3% ) \:Z/
S sx S
r,C<S§<“%\S“)

XE—D

After you divide, your answer can be written in two forms:

@) Divde v sk
4o o i T
Sindind by ne
forst dermn (A
"WC,, A‘\jv VSO e
@/\ !Vkv@\\fpbé Vs
\O’\’B ene I e
AL A d Lt

6‘/. () \-&-L \ (‘,X 0 v‘-: /\

’k‘/\L Nk &@
“&"Lf‘rv‘\

O .Ld

y —

1)

Dividend
Divisor

= Quotient +

Divisor

remainder

(%\ 2) Dividend = (Divisor)(Quotient) + remainder

Answer to the above example:

NERE X S

—

X 4>

XA D

xis + 0 §xhtxns =(xes) (x3) QO

Note: Since the remainder is 0, this tells us that (x + 3) is a factor of the polynomial

x%+8x + 15

Note: The restriction on the variable is x # —3 since division by 0 is not defined.
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Synthetic division is an alternate form of long division that we can use to divide

polynomials.

This type of division uses only the coefficients of each

Steps:
1. Rearrange the equation in descending order
2. Write only the coefficients of the polynomial. If
any are missing, fill in their spot with a zero.
3. Bring down the first coefficient.
4. Multiply by the divisor.
5. Add that number to the second coefficient.
6. Repeat steps 4-6 until there are no more
coefficients to bring down.
7. Write the resulting numbers as the coefficients of

equation.

a new polynomial. The last number will be the remainder.

Example #2
2
Divide the following expression 2t =
x+3
N T T S
=J
-3 &
X
LS O
Lo L
B \ST xS o+ C
B T X4 D

X —C
XK=

(& ¢y

VSO

Pg. #12
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Example #3 Ox -

- A
Ve
Divide 2x* + 2x* —x + 4 by x + 2

“ala a o -| {

? -4 g ¥ N
X -2 N -1 a3

+

AT PRS- SN L ‘ »
ol R AT &xg"’&\( + Ix =9 + 22
YR Ky 2

Example #4

A Ox
Divide (2x3 + 5x2 +9) + (x + 3)

| a s o 9

3 o
S L ) [V S A R e S
Xt'& Kt 3
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Example #5
Divide x3 — 2x2 + 6x —12 by x — 1
bl =1 & =iz
- <
~
I - S T F
I e e A N
~ —\ >
Example #6

)3}‘/',69/’63—7x2—6x+72byx_4

Subehhyle ¥ =+

\/b\’\ ~t S /bf\‘g‘/?

AN T

Y2 () -l TN
b =)~ 2+ 1o

\O

)

[ \_\ — 1\ -z\_{ + :lL (}\

Pg. #14
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Chapter 3: POLYNOMIAL FUNCTIONS
3.3 — The Factor Theorem

The Factor Theorem tells us whether or not the divisor (x — a) is a factor of the
dividend.

If there is no remainder (i.e. the remainder = 0), then the divisor is a factor.

The Factor Theorem states that (x — a) is a factor of P(x)
ifand only if P(a) =0

Example #1

a) Determine whether or not x + 2 is a factor of P(x) = x3 + 4x?> + x — 6
;2\/ § 4 2 5
Py =% +1(4) - anG
P-2)= % +\lo —B

1% oS v (& &> v S
k/cS\ D . @ 3 _ ) a
‘ > ‘ ; 00 »{—%{LC.’\“C‘VL E,

b) If x + 2 is a factor, completely factor P(x) = x* + 4x* + x - 6

Divide Px) b»@ Gor:a\)
-—al v 41 -

| fma b

+| b 2-5 0

PO = LX&Q&) (XL’Y 9\><~"?5>
Pl = Oora) G =D (x+3

Pg. #17
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Example #2

Completely factor P(x) = x3 — 7x + 6

To do this, we must find the factors of P(x) = x3 — 7x + 6.
Let’'s use the Remainder Theorem.

Try (x+1) P(-1)=(-1)*-7(-1)+6

P(-1) =
p-n=__ O
Try(x+2) P(-2)=(-2*-7(-2)+6
P(-2) =
P(—Z)f o
Try(x—=3) PB)=(3)3*-73)+6
P(3) =
P@3) = O
Try(x—1) P =1)°-7(1)+6
P(1) =
py=__ O

PLx) = (VA x-1) (O 5).

There must be an easier way than randomly guessing infinitely many times...

Pg. #18
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Integral Zero Theorem

Expand the following expression:

] 2
G-DE+DE-5= X omdx —Fx A LO

Note: The factors of the polynomial are (x — 1), (x + 2) and (x — 5)

The zeros of the polynomial are 1, =2 and 5

1

Note: When we multiply all of the factors, the constant is +10, which means that only
factors of 10 can be factors of the polynomial.
—_—

C@/ This is known as the Integral Zero Theorem ~Hp— -

The Integral Zero Theorem states that if (x — a) is a factor of the polynomial function
P(x) with integral coefficients, then a is a factor of the constant term of P(x).

Pg. #19
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Example #3 WS

A
a) Find all of the possible zeros of the following polynomial:
~ v A el
f(x)=x3—3x2—6x+C2—> _ =\ ) w3 W 3 A \’E%
" S s ol &
b) Completely factor the polynomial above.

—‘;(/x) Pl XB — BVXZ"’(O ><+&
>0 = dole ! al}eg el 2eres .

@ Q(‘{&x)«—& (o \”ﬁ’\\ @S\~

@; S

%ﬁvj-pd@fks 2

/k/\\Q ;&Q-’\UQ ’\/\’\6 QT o~ )(\Q JY\\ /\A oL

S\’Qaw P ')2 '—’7)(9‘3 —_(CLZ>A“&
(o) = & —Vz=7E

N S —
T S P M B\ V $ o “S(i‘\'-fl N e

£

@ FD\"\j,\AQ . (/VFQC R4 7-
TP0)= () (< ﬂ) wﬂ)
L%y«\

/\_—/‘\

~2 |1 75 -6 B

Pg. #20
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/)

a) Find all of the possible zeros of the following polynomial:

E?

f(x)=2x3—-3x2—-8x+12 -

sy +
(-

b) Completely factor the polynomial above.

£ (=) =9

=) = (=-2) (A

N\
X ‘\’ \.k' r (¢ ‘;)' \44’5

c) Determine the zer6s of f(x).

O = (JX’Lan\K—3><X%Z>

x‘/L ;—

- 3> (.\* g\\

e

2

Pg. #21
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Example #5

a) Completely factor P(x) = x* — 5x3 + 2x? + 20x — 24 ‘ v es

Plx) = ()< -2)° C\«v&)

b) Determine the zeros of P(x).

0= (x-3) Qx«z)l(x+&>

<X = S)Z)~l

Pg. #22
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The Remainder Theorem

The remainder theorem allows us to obtain the value of the remainder without
actually dividing.

When P(x) is divided by (x — a) the remainder is P(a)

Example #7
Use the'remainder theoren}\\to determine the remainder when the polynomial
P(x) =x>="5x%= is divided by the following binomials.

Verify your solution using either long division or synthetic division.

a)x+1 b) x — 1
f(fﬁj>:ﬁfpf‘gﬂﬂvgﬂ%{fﬁ%:gj (DC\>:: (\)3vSK}SFH\}(@{n)\
PO = m =S el | S ol s
CL-1) = DA o P e

s Pe)

P

—

Pg. #15
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